In this paper, we introduce the notation of (α − η) − (ψ − ϕ)-contraction mappings defined on a set X. We prove the existence of common fixed point results for the pair of self-mappings involving C-class functions in the setting of metric space. Our results generalize and extend several works existing in literature. We provide an example and some applications in order to support our results.
Introduction
The techniques of fixed point theory have been applicable in some fields such as Biology, Physics, Economics, Engineering and Game Theory. Several mathematicians have been generalized fixed point theory in multi-directions. One of the most important tools in fixed point theory is the Banach contraction principle, a lot of authors extended and generalized the Banach contraction principle to many directions (for example see [3, 6, 12, 15, [17] [18] [19] ). Samet et al. [17] introduced the concept of α − ψ-contractive type mapping and they utilized their new concept to establish and proved many fixed point theorems. After that several authors used the concept of α-admissible mappings to demonstrate new results in many spaces (see [2, 7, 9, 11, 12, 14, 16, 17] ). In 2013, Salimi et al. [16] modified the concept of α − ψ-contractive type mapping and established fixed point results in metric space. Recently, Hussain et al. [9] proved some fixed point results for single and multi-valued α − η − ψ-contractive type mapping in complete metric space. Very recently, Ansari and Kaewcharoen [5] introduced a new type of contraction based on α-admissible with respect to another function η and proved some fixed point theorems of such mappings.
Samet et al. [17] presented the concept of α-admissible mappings as the following: Definition 1.1 ([17] ). Let f : X → X and α : X × X → [0, ∞). Then f is called α-admissible if for all x, y ∈ X with α(x, y) 1 implies α(fx, fy) 1.
Definition 1.2 ([11]
). Let T : X → X and α : X × X → [0, ∞). Then T is called a triangular α-admissible Mapping if 1. T is α-admissible; 2. α(x, z) 1 and α(z, y) 1 imply α(x, y) 1.
In 2014, Ansari [4] defined the concept of C-class function as the following:
it is continuous and for s, t ∈ [0, ∞), F satisfies the following two conditions:
1. F(s, t) s; and 2. F(s, t) = s implies that either s = 0 or t = 0.
The family of all C-class functions is denoted by C.
Example 1.4 ([4]). The following functions
is a continuous function such that ϕ(t) = 0 if and only if t = 0. 9. F(s, t) = sh(s, t) for all s, t ∈ [0, ∞), where h :
In 2016, Ansari and Kaewcharoen [5] gave the definition of a generalized α − η − ψ − ϕ − F-contraction type mapping and proved same fixed point theorems for such mappings in complete metric spaces. Definition 1.5 ([5] ). Let (X, d) be a metric space and α, η : X × X → [0, ∞) be two functions. A mapping T : X → X is said to be a generalized
Hussain et al. [8] introduced the concepts of α − η-complete metric spaces and α − η-continuous functions.
Definition 1.6 ([8]
). Let (X, d) be a metric space and α, η : X × X → [0, ∞) be two functions. Then X is said to be an α, η-complete metric space if every Cauchy sequence {x n } in X with α(x n , x n+1 ) η(x n , x n+1 ) for all n ∈ N converges in X. Definition 1.7 ([8] ). Let (X, d) be a metric space and α, η : X × X → [0, ∞) be two functions. A mapping T : X → X is said to be an α, η-continuous mapping if each sequence {x n } in X with x n → x as n → ∞ and α(x n , x n+1 ) η(x n , x n+1 ) for all n ∈ N implies T x n → T x as n → ∞. Theorem 1.8 ([5] ). Let (X, d) be a metric space. Assume that α, η : X × X → [0, ∞) are two functions and T : X → X is a mapping. Suppose that the following conditions are satisfied:
T is triangular α-orbital admissible mapping with respect to η; 4. there exist x 1 ∈ X such that α(x 1 , T x 1 ) η(x 1 , T x 1 ); 5. T is an α, η-continuous mapping.
Then T has a fixed point x * ∈ X.
Moreover, many authors utilized the C-class functions in several spaces to obtain many interesting results. For more details see [2, 7, 9, 11, 14, 16] .
) is a metric space and {x n } is a sequence in X such that d(x n , x n+1 ) → 0 as n → ∞. If {x n } is not a Cauchy sequence, then there exist an > 0 and sequences of positive integers {m(k)} and
Khan et al. [13] introduced the notion of an altering distance function as follows: The set of all altering distance functions is denoted by Ψ. In the rest of this paper, we set Φ = {ϕ : [0, +∞) → [0, +∞) is continuous and ϕ(t) = 0 ⇔ t = 0}.
Main result
In this section, we introduce the concept of a triangular α-admissible mapping with respect to η and we prove the existence of common fixed point results on α − η-complete metric space for generalized F-contraction.
We start our work by introducing the notion of triangular α-admissible for pair of self-mappings T and S on a set X. Definition 2.1. Let S, T : X → X be two mappings and α : X × X → [0, +∞) be a function such that the following conditions hold:
1. if α(x, y) 1, then α(Sx, T y) 1 and α(T Sx, ST y) 1; 2. if α(x, z) 1 and α(z, y) 1, then α(x, y) 1.
Then we say that the pair (S, T ) is triangular α-admissible. Now, we introduce the notion of triangular α-admissible with respect to another function η for the pair of self-mappings S and T on a set X. Definition 2.2. Let S, T : X → X be two mappings and α, η : X × X → [0, +∞) be two functions such that the following conditions hold: 2. if α(x, z) η(x, z) and α(z, y) η(z, y), then α(x, y) η(x, y).
Then we say that the pair (S, T ) is triangular α-admissible with respect to η. Now, we introduce the following example to illustrate our new definition. Example 2.3. Let X = [0, +∞). Define S, T : X → X by Sx = x, T x = x 2 . Also, definition the functions α, η : X × X → [0, +∞) by α(x, y) = e x+y and η(x, y) = e y−x . Then the pair (S, T ) is triangular α-admissible with respect to η.
η(x, y), then e x+y e y−x . So x + y y − x. So 2x 0. Hence x 0. Since
, and α(z, y) η(z, y), then x + z z − x and z + y y − z. So, x −x and hence x + y y − x. Then e x+y e y−x . Therefore α(x, y) η(x, y).
The following lemma will be helpful for us to achieve our main results. Lemma 2.4. Let S, T : X → X be two mappings and α, η : X × X → [0, +∞) be two functions such that the pair (S, T ) is triangular α-admissible with respect to η. Assume that there exist x 0 ∈ X such that α(x 0 , Sx 0 ) η(x 0 , Sx 0 ). Define a sequence {x n } in X by Sx 2n = x 2n+1 and T x 2n+1 = x 2n+2 . Then α(x n , x m ) η(x n , Sx m ) for all m, n ∈ N with n < m.
Proof. Since α(x 0 , Sx 0 ) 1 and S, T are α-admissible, we get
By triangular α-admissibility, we get
By continuing the above process, we conclude that α(x n , x n+1 ) η(x n , x n+1 ) for all n ∈ N ∪ {0}. Now, we prove that α(x n , x m ) η(x n , x m ), for all m, n ∈ N with n < m. Given m, n ∈ N with n < m.
we deduce that
By continuing this process, we have
Let S, T be two self-mappings on a set X. In the rest of this paper, we let
In order to facilitate our subsequent arguments, we introduce the notion of generalized F-contraction for a pair of self-mappings S, T on a set X.
Definition 2.5. Let (X, d) be a metric space, T , S : X → X be two mappings and α, η : X × X → R be two functions. Let F ∈ C, ψ ∈ Ψ and ϕ ∈ Φ. Then the pair (S, T ) is called generalized F-contraction if α(x, y) η(x, y), then ψ(d(Sx, T y)) F(ψ(M * (x, y)), ϕ(M * (x, y))).
Theorem 2.6. Let (X, d) be a metric space and S, T be two self-mappings on X. Assume that α, η : X × X → [0, +∞) are two functions. Suppose that the following conditions hold:
is triangular α-admissible with respect to η.
4.
There exists x 0 ∈ X such that α(x 0 , Sx 0 ) η(x 0 , Sx 0 ). 5. S and T are α, η-continuous mappings.
Then (S, T ) have a common fixed point.
Proof. We present our proof in three steps:
Step 1. Let x 0 ∈ X be such that α(x 0 , Sx 0 ) η(x 0 , Sx 0 ). Define a sequence {x n } in X such that x 2n+1 = Sx 2n and x 2n+2 = T x 2n+1 for all n ∈ N. If x n 0 = x n 0 +1 for some n 0 ∈ N, then it is very easy to show that S and T have a common fixed point. Now, since the pair (S, T ) is α-admissible with respect to η, then
Again, by using α-admissible property with respect to η, we have
Repeating the above process for n-times, we have α(
Using the property of triangular α-admissibility with respect to η, we can deduce that for any n, m ∈ N with m > n, we have α(x n , x m ) η(x n , x m ) and α(x m , x n ) η(x m , x n ). Suppose x 2n = x 2n+1 for all n ∈ N, by Lemma 2.4, we have α(x 2n , x 2n+1 ) η(x 2n , x 2n+1 ) for all n ∈ N. Since (S, T ) is a generalized F-contraction mapping, we have
for all n ∈ N, where
Since x 2n = x 2n+1 for all n ∈ N, and ψ ∈ Ψ, ϕ ∈ Φ, we have ψ(d(x 2n , x 2n+1 )) = 0 and ϕ(d(x 2n , x 2n+1 )) = 0. According to the definition of a C-class function, we conclude that
which is a contradiction. Thus we conclude that
By (2.1) and (2.2), we get
It follow that the sequence {d(x n , x n+1 )} is non-increasing for all n ∈ N. Therefore there exists r 0 such that lim n→∞ d(x n , x n+1 ) = r. We claim that r = 0. Now, we have
Taking n → ∞ , we obtain that ψ(r) F(ψ(r), ϕ(r)).
This implies that ψ(r) = 0 or ϕ(r) = 0 which yields
Step 2. To prove that {x n } is a Cauchy sequence by Lemma 1.9, there exist > 0 and two subsequences {x m(k) } and {x n(k) } of {x n } with m k > n k > k such that:
Then, using the triangular inequality we get
Taking k → ∞ in the above inequality and using (2.3), we get
Similarly, we obtain that
Given n(k), m(k) ∈ N with m(k) > n(k). We will take four cases.
Case I : n(k) is odd and m(k) is even. Here, n(k) = 2k + 1 and m(k) = 2k + s + 1 for some k, s ∈ N, where s is odd. Since α(x 2k+1 , x 2k+1+s ) η(x 2k+1 , x 2k+1+s ) and by Lemma 2.4, we conclude that
where
By (2.4) and (2.5), we have
It follows that ψ( ) = 0 or ϕ( ) = 0. So = 0 which is a contradiction. Thus {x n } is a Cauchy sequence.
Case II : n(k) and m(k) are both odd. By triangular inequality, we have
Letting n(k), m(k) → +∞ in above inequality and by using Case I, we get
We have ψ( ) F(ψ( ), ϕ( )). It follows that ψ( ) = 0 or ϕ( ) = 0.
Case III : n and m are both even. By triangular inequality, we have
Case IV : n is even and m is odd. By triangular inequality, we have
We have ψ( ) F(ψ( ), ϕ( )). It follows that ψ( ) = 0 or ϕ( ) = 0. Combining all cases together, we conclude that (x n ) is a Cauchy sequence in X.
Step 3. We now prove that S and T have a common fixed point. Since {x n } is a Cauchy sequence in the α, η-complete metric space X, then there exists x * ∈ X such that x n → x * . Since S, T are α, η-continuous mappings, we get Sx 2n → Sx * and T x 2n+1 → T x * . Since
Then S and T have a common fixed point.
α(Sx, T y) = 2 η(Sx, T y) = 1 and α(T Sx, ST y) = 2 η(T Sx, ST y) = 1. Also, if α(x, z) η(x, z) and α(z, y) η(z, y), then x, z, y ∈ [0, 1]. Thus α(x, y) = 2 η(x, y) = 1. This implies that the pair (S, T ) is triangular α-admissible with respect to η. It is clear that the Condition (4) of Theorem 2.6 is satisfied with
Let {x n } ⊆ [0, 1] for all n ∈ N. This implies that lim n→∞ Sx n = lim n→∞ 1 9
x n = 1 9 x = Sx, and lim
that is, (S, T ) is an α, η -continuous. Thus, all assumptions of Theorem 2.6 are satisfied. Hence S and T have a common fixed point which is x = 0.
Applications
In this section, we apply our results to construct an application on Lebesgue-integrable. Denote by Γ the set of functions λ : R + → R + satisfying the following conditions:
1. λ is Lebesgue-integrable on each compact of R + ; 2. For each > 0, we have 0 λ(z)dz > 0. Theorem 3.1. Let (X, d) be a complete metric space and S, T be two self-mappings on X. Also, let F ∈ F and λ 1 , λ 2 ∈ Γ . Assume that α, η : X × X → [0, ∞) are two functions such for all x, y ∈ X with α(x, y) η(x, y), we have Proof. Define the functions ψ, ϕ : R + → R + via ψ(t) = t 0 λ 1 (z)dz and ϕ(t) = t 0 λ 2 (z)dz. Noting that ψ is an altering distance function and ϕ ∈ Φ. So the pair (S, T ) is triangular α-admissible with respect to η. So S and T satisfy all the hypotheses of theorem 2.6. Therefore S and T have a common fixed point. Theorem 3.2. Let (X, d) be a complete metric space and S, T be two self-mappings on X. Also, let F ∈ F and λ 1 , λ 2 ∈ Γ . Assume that α, η : X × X → [0, ∞) be two functions such for all x, y ∈ X with α(x, y) η(x, y), we have Also, suppose the following hypotheses:
1. (X, d) is an α, η-complete metric space. 2. The pair (S, T ) is triangular α-admissible with respect to η.
